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Motivation and Definition



iy

Disclaimer

This line of inquiry was initiated by

»
>
>
>
>

Jan Draisma (University of Bern),

Emil Horobet (Sapientia Hungarian University of Transylvania),
Giorgio Ottaviani (University of Florence),

Bernd Sturmfels (UC Berkley), and

Rekha Thomas (University of Washington)

in [Draisma et al., 2016].
Its roots date back to Roger Cotes.

S. Weinzierl

The Euclidean Distance Degree

2/18



Setup |

iy

All feasible objectives are parametrized by an algebraic map

f: R" — R"
a fi(ar, ..., am)
— s
am fo(a1, -y am)
with polynomials fi, ..., f, € R[x1, ..., Xm]

We complexify the map fo: C” — C".
The closure of img(fc) is an algebraic set X (e.g. by [Serre, 1956, p. 12]).
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Example: Rank-1-Matrices

R2><1 X R1X2 s R2><2
X1 X1y1 X1)2
—
(<X2> (o y2)> (Xzyl X2Y2)

Here X is the determinantal variety Z(x11x00 — x12%01) © C2%2.
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iy

Setup |1

We consider points U €C", and analyse the non-singular critical points of

d7: X —C
X1 n
X = MZ(U;—X;)Q.
X, i=1

The Euclidean Distance Degree EDdeg(X) of X
counts the number of non-singular critical points of d4 for a general v ecn.
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iy

Find the non-singular critical points on the Cardioid curve:

Example: Cardioid
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https://www.mathematik.uni-muenchen.de/~weinzier/cardioid_fun.html

Example: Cardioid

iy

Find the non-singular critical points on the Cardioid curve:

A point X € X \ Xing is critical <= @ — X L TxX.
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How To: Find EDdeg(X) for the Cardioid Algebraically?

iy

We start with X = Z(f), for f := (x? + x3 + x2)? — (x} + x3) € C[x1, xa].
1. Find the vanishing ideal of X: Ix := (f).
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How To: Find EDdeg(X) for the Cardioid Algebraically?

iy

We start with X = Z(f), for f := (x? + x3 + x2)? — (x} + x3) € C[x1, xa].
1. Find the vanishing ideal of X: Ix := (f).
2. Determine the singular locus: ling 1= (Ox,f, Oxf, f).
3. Extend the ring to include U R:= Clur, U2, x1, x2].
4. Inside C% x CZ: Determine the pairs (X, ) for which x € X and 7 — X € (T2 X)".

R up —XxX1 Uz =Xz
Ipalrs = IX + (det ( ale axzf >) .
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iy

We start with X = Z(f), for f := (x? + x3 + x2)? — (x} + x3) € C[x1, xa].
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oo

How To: Find EDdeg(X) for the Cardioid Algebraically?

5. Remove the singular points lit := lairs: (kingR)
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iy

We start with X = Z(f), for f := (x? + x3 + x2)? — (x} + x3) € C[x1, xa].
1. Find the vanishing ideal of X: Ix := (f).
2. Determine the singular locus: ling 1= (Ox,f, Oxf, f).
3. Extend the ring to include U R:= Clur, U2, x1, x2].
4. Inside C% x CZ: Determine the pairs (X, ) for which x € X and 7 — X € (T2 X)".

R b —Xx1 U2 — X2
Ipalrs = /X + (det < ale 3X2f )) .

oo

How To: Find EDdeg(X) for the Cardioid Algebraically?

5. Remove the singular points lit := lairs: (kingR)
6. The degree Z(lit) is EDdeg(X).
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Bonus: How to find the Evolute?

iy

7. Extend the ring to Cluy, ua, x1, X2, t].
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Bonus: How to find the Evolute?
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7. Extend the ring to Cluy, ua, x1, X2, t].
8. Make t2 the distance to X: lgist = lerit + (2 — (1 — x1)? — (v2 — x2)?).
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Ivoty is principal. Fix a generator g € Cluy, o, t].
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Bonus: How to find the Evolute?
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7. Extend the ring to Cluy, ua, x1, X2, t].

8. Make t2 the distance to X: lgist = lerit + (£2 — (11 — x1)? — (U2 — x2)?).

9. Eliminate x1,x2: lpoty 1= Clux, to, t] N lyiss-
Ivoty is principal. Fix a generator g € Cluy, o, t].

10. The evolute is then the vanishing locus of the discriminant of g.

You can use e.g.

» Macaulay2 ([Grayson and Stillman, 2026]),
» OSCAR ([The OSCAR Team, 2026]), or
» SageMath ([The Sage Developers, 2026]).
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The Euclidean Distance Degree in Machine Learning



MU S The Eckart-Young Theorem

Fix dimensions m, n € N and some rank r. We assume w.l.o.g. r < m < n.
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iy

Let M, mxn € C™*" denote the variety of m X n-matrices of rank < r.

The Eckart-Young Theorem
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iy

Let M, mxn € C™*" denote the variety of m X n-matrices of rank < r.
Let U € R™*" be a fixed matrix, with SVD

The Eckart-Young Theorem

u=T" 'diag(al, .. .,O'm)~ T, with T; € O(m), T, € O(n),
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The Eckart-Young Theorem

iy

Let M, mxn € C™*" denote the variety of m X n-matrices of rank < r.
Let U € R™*" be a fixed matrix, with SVD

u=T" 'diag(al, .. .,O’m)' T, with T; € O(m), T, € O(n),

Theorem ([Breiding et al., 2024, Thm. 2.9])

The closest matrix to U in M, pmyx, NR™*" is
Ty - diag(o1,...,0,,0,...,0) - Tp.

All complex critical points of the Euclidean distance are real.
They are found by substituting zeros for m — r entries of diag(oy,...,0m).

= EDdeg(M; mxn) = (m)

r
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Linear Networks Invariant under a Cyclic Group Action

Figure: Weight sharing induced by the permutation of the input nodes (135)(24).
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Linear Networks Invariant under a Cyclic Group Action

Figure: Weight sharing induced by the permutation of the input nodes (135)(24).
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Let M, mxn be the m x n-matrices of rank < r (over C).
Let m be a permutation of {1,...,n} composed of k cycles.
7 operates on C” by interchanging entries.

Linear Networks Invariant under a Cyclic Group Action

M;I’r,mxn = {M € Mr,m><n | M7= M} .
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Linear Networks Invariant under a Cyclic Group Action

iy

Let M, mxn be the m x n-matrices of rank < r (over C).
Let m be a permutation of {1,...,n} composed of k cycles.
7 operates on C” by interchanging entries.

M;I’Tmen = {M € Mr,mxn | M7= M}

Proposition ([Kohn et al., 2025, Prop. 3.5])

The variety M7 is isomorphic to Min(r,k),mx k-

r,mxn
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Linear Networks Invariant under a Cyclic Group Action

iy

Let M, mxn be the m x n-matrices of rank < r (over C).
Let m be a permutation of {1,...,n} composed of k cycles.
7 operates on C” by interchanging entries.

M;I’Tmen = {M € Mr,mxn | M7= M}

Proposition ([Kohn et al., 2025, Prop. 3.5])

The variety M7 is isomorphic to Min(r,k),mx k-

r,mxn

(min(m,k)) )

—> EDdeg(M7] 1) min(r,K)
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Convolutional Matrices

iy

Fix a vector (wy, ..., wx_1) € Ck (=filter).
A convolutional matrix is of the form

Wo Wi - Wi_g 0 0
0 wo wy PPN Wg_1 0 e 0

e C™"  withm=n—k+1.
0 0 wo wq Wk—1
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iy

One finds:

mp X nm ) my X np - mi X Ny
filter length: ky filter length: k, ) = \ filter length: ky + ko — 1

Convolutional Matrices: Multiplication
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Convolutional Matrices: Multiplication

iy

One finds:
mp X nm ) my X np - mi X Ny
filter length: ky filter length: k, ) = \ filter length: ky + ko — 1

Example:

(a b)-(g i 2)—(a-c a-d+b-c b-d).

S. Weinzierl The Euclidean Distance Degree 13/18



Convolutional Matrices: Multiplication

iy

One finds:
mp X nm ) my X np - mi X Ny
filter length: ky filter length: k, ) = \ filter length: ky + ko — 1

Example:

(a b)~<8 i 2)—(a-c a-d+b-c b-d).

This multiplies like the following homogeneous polynomials (in C[x, y]):

(a-x+b-y)-(c-x+d-y)=a-c-x*+(a-d+b-c)-x-y+b-d-y*
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Convolutional Matrices: Multiplication

iy

One fiNnds:

mp X nm ) my X np - mi X Ny
filter length: ky filter length: k, ) = \ filter length: ky + ko — 1

B

Example:

(a b)~<8 i 2)—(a-c a-d+b-c b-d).

This multiplies like the following homogeneous polynomials (in C[x, y]):

(a-x+b-y)-(c-x+d-y)=a-c-x*+(a-d+b-c)-x-y+b-d-y*

[Kohn et al., 2025, Prop. 2.6]

There is a general multiplicative correspondence between convolutional matrices and
homogeneous polynomials in C[x, y].
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Multiple Root Loci

iy

Identify points in C¥ with the homogeneous polynomials C[x, y]x_1.
Fix an integer partition A = (A1,..., ;) of kK — 1.

Consider the algebraic set:

A~ :={f € C[x, y]x—1 | the proj. roots of f have multiplicities Ay, ..., A} C C
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iy

Multiple Root Loci

Identify points in C¥ with the homogeneous polynomials C[x, y]x_1.
. . . -
Fix an integer partition A = (A1,..., ;) of kK — 1.

Consider the algebraic set:

A~ = {f € C[x, y]k—1 | the proj. roots of f have multiplicities Ay, ...

» Generalization of discriminant hypersurfaces.
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Multiple Root Loci

iy

Identify points in C¥ with the homogeneous polynomials C[x, y]x_1.
. . . -
Fix an integer partition A = (A1,..., ;) of kK — 1.

Consider the algebraic set:

A~ = {f € C[x, y]k—1 | the proj. roots of f have multiplicities Ay, ...

» Generalization of discriminant hypersurfaces.
» Already studied by Hilbert [Hilbert, 1887].
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Linear Convolutional Networks

iy

Linear Convolutional Networks (LCNs) arise as products of convolutional matrices.

Cio,..ky,m = {Wn --- Wi | W; conv. matrix with filter length k;}

where m is the dimension of the input space.
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Linear Convolutional Networks (LCNs) arise as products of convolutional matrices.
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Linear Convolutional Networks (LCNs) arise as products of convolutional matrices.

Cho,..oky,m = {Wn - Wi | W; conv. matrix with filter length k;j} C Citeoothy—nN+1,ms

where m is the dimension of the input space.

Theorem ([Kohn et al., 2025, Thms. 5.2-5.4])

EDdeg(Cx,,....ky,m) = max EDdeg(A?),
? part. of k—1

with k .= kg +---+ ky — N+ 1.
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Linear Convolutional Networks

iy

Linear Convolutional Networks (LCNs) arise as products of convolutional matrices.

Cho,..oky,m = {Wn - Wi | W; conv. matrix with filter length k;j} C Citeoothy—nN+1,ms

where m is the dimension of the input space.

Theorem ([Kohn et al., 2025, Thms. 5.2-5.4])

EDdeg(Cx,,....ky,m) = max EDdeg(A?),
? part. of k—1

with k .= kg +---+ ky — N+ 1.

Sample computations of EDdeg(A~) can be found e.g. in [Lee and Sturmfels, 2016].
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Dual Varieties

iy

Fix an affine cone X C C".

Yi={yeCr|axeX\ Xng: y L T.X}.
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Dual Varieties

iy

Fix an affine cone X C C".

Yi={yeCr|axeX\ Xng: y L T.X}.

Theorem ([Draisma et al., 2016, 5.2])

X — u — x is a bijection between

» critical points of d, on X and

» critical points of d, on Y.
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Dual Varieties

iy

Fix an affine cone X C C".
Y ={yeCr|axe X\ Xaing: y L TLX}.

Theorem ([Draisma et al., 2016, 5.2])

X — u — x is a bijection between

» critical points of d, on X and

» critical points of d, on Y.

— EDdeg(X) = EDdeg(Y).
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Let X C P"~! be smooth, irreducible, and of dimension m.
Assume that X N Z(x? + - - + x2) is smooth.

Catanese-Trifogli
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Catanese-Trifogli

iy

Let X C P"~! be smooth, irreducible, and of dimension m.
Assume that X N Z(x? + - - + x2) is smooth.

Theorem ([Draisma et al., 2016, Thm. 5.8])

m

EDdeg(X) = Y (~1)- (27~ — 1) deg(ci(X)),
i=0

where c;(X) is the it Chern class of the tangent bundle of X.
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Catanese-Trifogli

iy

Let X C P"~! be smooth, irreducible, and of dimension m.
Assume that X N Z(x? + - - + x2) is smooth.

Theorem ([Draisma et al., 2016, Thm. 5.8])

EDdeg(X) = Y (~1)- (27~ — 1) deg(ci(X)),
i=0

where c;(X) is the it Chern class of the tangent bundle of X.

The Euclidean distance degree of a subvariety C P"~! is defined as the one of its cone C C".
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iy

Let X be a variety of codimension ¢ in C" defined by polynomials

A “Practical” Upper Bound on the Euclidean Distance Degree

fi,fo, .. fey .. fs, with degreesdy > do > - >d. > -+ > d;.
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A “Practical” Upper Bound on the Euclidean Distance Degree

iy

Let X be a variety of codimension ¢ in C" defined by polynomials

fi,fo, .. fey .. fs, with degreesdy > do > - >d. > -+ > d;.

Proposition ([Draisma et al., 2016, Prop. 2.6])

EDdeg(X) < didh---de- > (=1 (b —1)%---(de —1)*.
iitir e +ic<n—c

Equality holds when X is a general complete intersection of codimension c.
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